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Abstract-In recent years experiments on uniaxially reinforced composites have revealed anom­
alous behavior in the stress-wave propagation characteristics of these materials. Whenever the
exposed ends of both composite constituents were subjected to moderate pressures of a few
kilobars the number of stable propagating waves generated within the composite exceeded by
one the number of waves calculated through conventional composite models. This effect greatly
increased the wave dispersion and rise-time in the experimentally observed stress wave.

The key to the origin of this phenomenon is quite elementary. The composite debonds intern­
ally. When the bond between the reinforcing and matrix fails, the compositeattains an additional
degree of freedom which results in an additional stable propagating wave. Since conventional
composite models do not allow for this debonding, they cannot account for the resulting wave.
However, as was shown in an earlier paper, direct application of the theory of elasticity to this
problem results in wave velocities and mode shapes for all of the waves.

The solution to the total problem,includingthedeterminationofthevariouswaveamplitudes,
was previously hampered by an insufficient set of boundary conditions. The usual procedure was
to impose continuity of stress and displacement at the boundary between the composite and
the adjoining homogeneous material where the volumetric averages of stress and displacement
were used for the composite. While these conditions are necessary and sufficient for the bonded
composite problem, they are insufficient for the debonded composite problem. The additional
degree of freedom in the debonded problem makes the use of an additional boundary condition
necessary. This additional boundary condition is the subject of this paper.

INTRODUCTION

In studying the behavior of composite materials, one encounters many problems not found
in analyzing homogeneous materials. One of these problems is the determination of appro­
priate boundary conditions at the interface of a composite and a homogeneous material. In
the case of two homogeneous materials, the requisite boundary conditions are continuity of
stresses and displacements along the interface. In the case of composite materials, a complete
description of the boundary conditions yields a system of equations which is formidable, if
not impossible, to solve. This leads to the consideration of alternate descriptions that make
the solution to a boundary value problem more tractable. As an example, suppose that one
is dealing with the geometry in which the region x > 0 is occupied by a composite, while the
region x < 0 is occupied by a homogeneous elastic material. It is obvious that very complex
stress and displacement fields exist near x = O. However, as the distance from the interface
increases, these fields assume a much simpler form[l, 2]. Consequently, unless detailed
information is required near the interface, the complex boundary conditions associated with
the exact solution can be replaced by simpler conditions. These simpler boundary conditions

t This work was supported by the United States Atomic Energy Commission.
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should provide the necessary coupling between the stable far-field solutions in the homo­
geneous material and in the composite, and, in particular, for dynamical problems the
simpler boundary conditions must relate the shear and dilatational waves in the homo­
geneous material to the stable propagating waves in the composite. t

It has been shown[l] that these stable modes of propagation can be studied by first
evaluating the response of the composite to time-harmonic waves, and then finding the
limit as the frequency approaches zero. The time-harmonic response consists of an infinite
variety of modes, with only a finite number remaining in the limit of zero frequency repre­
senting the static solution. These remaining modes are the stable propagation modes of the
composite which determine the average far-field response of the composite. Since the effect
of geometric dispersion caused by the heterogeneity of the composite is only a perturbation
to the stable modes, the gross or average dynamical response of the composite may be
evaluated by considering the static behavior. While the boundary conditions to be deduced
are not limited to this type of approach, this method will be used to facilitate the analysis.

For a laminated composite in which the constituents are fully bonded, Sve[5] has shown
that the stable propagation modes are analogous to those in a homogeneous medium; i.e.
the composite has two stable propagation modes: a longitudinal and a shear mode. More
recent work[6] has shown that, when the constituents undergo internal debonding, the
laminated composite can support three stable modes of stress wave propagation. These
three modes are a shear mode, a longitudinal mode in which adjacent plates slide in opposite
directions, and a longitudinal mode with adjacent plates moving in the same direction.

Comparison to actual flyer-plate experiments has shown that the assumption of a fully
bonded composite leads to agreement with these experiments only for low stress levels or
when the load is applied perpendicular to the interface planes; and, otherwise, it leads to
gross discrepancies. One of these discrepancies is the appearance of an additional stable
propagation mode in flyer-plate experiments in which the composite was subjected to
moderate pressures of a few kilobars[6]. The assumption of internal debonding used in[6]
provided an extra degree of freedom allowing for an additional stable wave to be generated
in the composite. The computed wave speed for this wave agreed fairly well with the experi­
ments; however, the solution of transient problems, including the determination of the
various wave amplitudes and profiles, was hampered by an insufficient set of boundary
conditions. To correct this deficiency, attention will be focused in the rest of this paper on
establishing a set of boundary conditions for a properly posed problem. These boundary
conditions will apply equally well to laminated or fiber-reinforced composites. For definite­
ness in the rest of this work, the geometry of Fig. I will be considered, and it will be shown
that these boundary conditions link the two waves in the homogeneous medium to either
two or three waves in the composite material.

Finally, for clarity it seems appropriate to provide one additional illustration of the
underlying problem. In Fig. 1, assume that 8 = 0 and that the plates in the composite are
debonded. Suppose that initially a longitudinal stress wave is propagating through the
homogeneous material in the positive x direction. When this wave interacts with the
composite boundary, it generates a reflected longitudinal wave and two transmitted longi­
tudinal waves. By the assumptions that 8 = 0 and that the plates are debonded, it follows
that no shear modes are excited in either material. The solution of this boundary value

t It is important to note that these arguments are in accordance with the static Saint-Venant's principle
[3, p. 33], and with the dynamic Saint-Venant's principle postulated by Jones and Norwood[4, p. 723].
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Fig. 1. The wave propagation and the material coordinate systems.

problem requires a knowledge of the propagation speeds and deformation patterns for each
wave. As shown in [5], without knowledge of the boundary conditions, the speeds can be
determined exactly, and the deformation patterns or mode shapes for each wave can be
determined to within an arbitrary constant. For the evaluation of each arbitrary constant,
one must apply the boundary conditions. In the present case, to complete the solution, it is
necessary to apply three boundary conditions to solve for the three heretofore arbitrary
amplitudes associated with the reflected and transmitted waves. The question that arises is:
What three conditions must be imposed at x = 0 such that the resulting boundary value
problem remains tractable? In answering this question the following two conditions appear
to be a logical and obvious answer. First, the average x displacement in the composite must
equal the x displacement in the homogeneous material. Second, this must also hold for the
normal stress at the boundary. To complete the solution, another boundary condition must
be specified.

COORDINATE SYSTEMS AND NOTATION

To simplify the development, two coordinate systems are defined as follows. The first is
the XCX2 material coordinate system, shown in Fig. 1, which is selected such that the Xl

axis coincides with the reinforcing direction. The second is the x-y propagation coordinate
system which is oriented such that the x direction coincides with the direction of propagation
of all incident, reflected, and transmitted waves. In this work, the direction of propagation is
selected normal to the composite-homogeneous material interface; other directions can
be treated by an obvious extension of the present work.

As in [5, 6], information about mode shapes of the various stable waves within the com­
posite is given in terms of the material coordinates XCX2 ' The stresses and displacements in
this coordinate system are denoted by mai/k) and mu/k), where the presubscript denotes the
propagation mode, the superscript denotes the composite constituent, either reinforcing
or matrix, and the subscripts indicate the respective tensor and vector components. In the
wave propagation system x-y, four quantities are required. They are the normal stress in
the x direction ar, the shear stress ,r, the displacement in the x direction ut, and the
displacement in -the y direction vim. In this system, the subscript denotes the composite
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constituent and the superscript denotes the propagation mode, and the component is already
indicated by the symbol a, " U, or v. The presubscript and superscript m which identifies the
mode number will be omitted in some cases to indicate that the expression represents the
summed effect of all possible modes. In the homogeneous material (x < 0), the normal stress
in the x direction, the shear stress in the x-y system, and the displacements in the x and y
directions are given by a, " U and V, respectively.

Within the composite, the quantities in the propagation system are related to those in the
material system through the equations

ut = mu/i)cos e+ mU2 (i) sin e
vt = - mUl (i) sin e+ mU2(i) cos e
at = mal1(i) cos2 e+ ma22(i) sin2 e+ 2ma l2(i) sin ecos e
,t = (ma 22(i) - ma l1(i))sin ecos e+ mal/i)(Cos2 e- sin2 e).

(1)

THE BOUNDARY CONDITIONS

Consider the general case in which e =f. 0 (Fig. 1). If internal debonding occurs, then a
stress wave incident on the interface x = 0 creates five new waves. These waves are a longi­
tudinal wave and a shear wave in the homogeneous material occupying the region x < 0, and
two quasi-longitudinal waves and a quasi-shear wave in the composite. If the composite
constituents are bonded, then there is one less quasi-longitudinal wave in the composite.
Therefore, if the composite is debonded (bonded), then five (four) independent boundary
conditions must be supplied to solve for the five (four) amplitudes associated with the
reflected and transmitted waves.

For the case when the composite constituents with thickness d i are perfectly bonded and
there is perfect contact at x = 0, then, in terms of the influence ratios tT i defined by

(i = 1,2), (2)

the conditions of continuity of average displacements and stresses can be satisfied by specify­
ing the following four conditionst

a = tTlal + tT2 a2 ,

'=tTl'l +tT2'2'

U = tT1 Ul + tT2 U2,

V = tTl V1 + tT2 v2 .

(3)

(4)

(5)

(6)

The expressions on the right side of these equations are simply the area averages of the
appropriate quantities.

For the case when the composite constituents are bonded, but the homogeneous and
composite materials are allowed to slide relative to each other, the appropriate boundary
conditions are

a = tTl a l + tT2 a2'

,= 0,

0= tTl'l + tT2'2'

U = tTlUl + tTz Uz ·

t By the deletion of the mode superscript, then a, = at' + a?

(7)

(8)

(9)

(10)
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If either set of boundary conditions are combined with the mode shape results, obtained
from the field equations for each region, the amplitudes of the four waves can be evaluated.

However, if internal debonding is allowed, five stable waves will exist and an additional
boundary condition will be required. The form of this boundary condition for laminated
composites will be deduced by considering the nature of the interface effect depicted in
Fig. 2. As shown in the figure, when the materials are compressed, the originally planar
interface is not only translated, but it is also warped. With the present assumption of
debonding, this warping results in the sliding of one constituent relative to the other in a
periodic fashion along the interface. However, unlike the corresponding development in the
bonded composite where this effect remains localized at the boundary, this effect is trans­
mitted throughout the interior of the debonded composite and must be considered in the
total solution to the problem. In writing the appropriate boundary condition to represent
this warping effect, three physical quantities must be interrelated. These physical quantities
are as follows: the difference between the constituent stress and the average interface stress
which produces the warping, the difference between the constituent displacement and the
average interface displacement which indicates the magnitude of the warping, and a stiffness
factor representing the resistance of the interface to warp. It will be shown that this stiffness
factor is highly dependent on the elastic properties of the homogeneous material.

Fig. 2. Illustration of the warping effect at the composite boundary.

To define the stiffness factor, let us consider corresponding differences in x-y coordinates
in constituent 1 of the composite under static conditions. The difference /).(1 between the
normal stress in constituent 1 and the average normal stress in the x direction is

/).(1 = (11 - (1'11(11 +'-'2 (12)

= '-'2«(11 - (12)'
(11)
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Likewise, the difference Au between the x displacement in constituent 1 and the average x
displacement is

(12)

The stiffness factor, for the warping at the interface, is defined as the ratio AO"/Au. This leads
to

0"1-0"2
W=--.

U1 - U2

(13)

The corresponding analysis for constituent 2 also results in equation (13). Consequently,
equation (13) is valid at all points along the composite boundary. One now defines

o = the composite unit outward normal vector

ex = the unit vector in the x direction,
(14)

and introduces the dot product (-0· ex) into equation (13) to make it applicable when the
position of the composite and the homogeneous material are interchanged. Thus, the final
form of the required fifth boundary condition is

0"1 - 0"2
W=(-o'ex ) •

U 1 - U2
(15)

It now remains to evaluate the stiffness factor W. In general, this factor depends on both
the warping stiffness of the composite and the homogeneous material; however, for a
debonded composite, the warping stiffness of the composite is zero. The warping stiffness
also depends on the bond at the interface. By allowing frictionless sliding at this boundary,
only the effects of normal stress and x displacement will be transmitted across the bound­
ary.t Consequently, this constant depends on the angle 8, the dimension h = d1 + d2 , the
elastic properties of the homogeneous material, and the type of stress boundary condition
assumed at x = 0. When this boundary condition allows for frictionless sliding, W can be
evaluated by considering a self-equilibrated system of line loads applied to the homogeneous
medium as shown by the solid arrows in Fig. 3. One finds that

2·414 cos 8 G
W= .--,

h 1 - v
(16)

where the details of the calculation have been relegated to Appendix A. In this equation G
and v are the shear modulus and the Poisson ratio, respectively, for the homogeneous
medium. From preliminary calculations of stiffness factors for various interface conditions
involving debonded laminated and fiber-reinforced composites, it appears that W consists
of the ratio G/(1 - v) times a geometric factor.

In applying equation (15) to a bonded composite when 8 = 0, one has that U1 = U2 and
0"1 #- 0"2' so that equation (15) would require W to be infinite. Since in this case Walso
depends on the warping stiffness of the composite, and since the class of solutions for the
bonded composite field equations exclude any warping, this result is to be expected. Thus,
there can be no warping at the boundary and the remaining four boundary conditions are

t This fact is implicit in the definition of W via equation (15).
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Fig. 3. Force diagram for the calculation of W.

sufficient to solve the bonded composite problem. In the case () = n/2, regardless of the
bonding assumption, again there is no warping at the boundary and equation (15) requires
that 111 = 112; this is a duplication of the results obtained from the field equations of the
composite.

THE STATIC COMPRESSION TEST

For the first application of the boundary conditions consider the evaluation of the
apparent gross compressional stiffness of the composite via the one-dimensional strain
compression test depicted in Fig. 4. A laminated plate composite oflength 2L is sandwiched
between two identical buffer blocks and loaded with a static force P. In the analysis, buckling
of the composite constituents is ignored. Since () = 0, only the two longitudinal modes for
m = 1, 2 are excited in the composite. Thus, the shear mode and the boundary conditions
connected with shear deformation may be ignored. The appropriate boundary conditions at
x=Oare

and at x = L,

U 1
1 + u/ = 0,

U 1 + U 2 = 0'• 2 2 ,

11 = PIA = '11(11/ + 11/) + '12(11/ + 11/)

u = '11(U/ + u/) + '1iu/ + u/)

(17)

(18)
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Fig. 4. Schematic of the static compression experiment.

U is the average displacement of the boundary at x = L, and A denotes the area over which
the load is applied.

The second of equations (17) may be written as

at x = 0, (19)

where the ratios in the brackets can be determined from the solution of the field equations in
the composite by the procedure given in Appendix B. From (19) and the first of equations
(17), it follows that

Uj
j = Uj 2 = 0, at x = 0. (20)

As was done in equation (19), equations (18) will now be written in terms of u j
j

, u j
2 and

mode ratios. At x = L,

(J = (£j u j
j

' + (£2 u/',
U = (jju/ + (j2 u/,

oRju/' + oR 2 u/' = - W[(I)lU/ + (1)2 u/],

where a prime denotes partial differentiation with respect to x and

"" U2
i

iJi = '11 + '12----0'
Ul '

O"l; 0"2
i

oR; =-., --."
U j ' uj '

U2;
(l)i=l- i ·

Ul

(21)

(22)
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The factors defined in (22) are stiffness and displacement coefficients which are determined
from the composite field equations.

The field equations for the present case of homogeneous deformations require that the
displacements be linear functions of x. Therefore, by boundary condition (20), U1

1 must be
of the form

U1
1 = aax, (23)

where a is a constant to be determined. By considering the gross equilibrium of the com­
posite, one finds that the average internal stress at any x cross-section must equal a. This
implies that the first of equations (21) holds, not only at x = L, but throughout the com­
posite. Therefore it can be integrated to give

(24)

where the results of (20) have been used. The first application of the stiffness factor results
when (23 and 24) are substituted into the last of equations (21) to determine the constant a.
This substitution yields

This equation represents the solution of the problem, for U can now be obtained by sub­
stituting (23 and 24) into the second of(21). Finally, the gross stiffness of the composite Fis
found to be

(25)

THE DYNAMIC COMPRESSION TEST

The flyer-plate experiment

The stiffness factor W will now be applied to the flyer-plate experiment. This experiment
consists of striking the front surface of the composite with a flat-faced projectile traveling
with velocity (;1, where the dot denotes partial differentiation with respect to time. The
experiment is designed such that, for the time of interest, a state of average one-dimensional
strain exists in all material shown in Fig. 5. The measured quantity is the (; component in
the buffer material. It is assumed that the flyer-composite interface and the composite­
buffer interface allow frictionless sliding. The space-time diagram for the experiment is
shown in Fig. 6. At impact four waves are generated at x = 0; a longitudinal wave, R, in the
homogeneous flyer plate, two longitudinal waves, (3 and 2), and a shear wave, (1), in the
composite. In due course, the three waves propagate through the composite and interact
with the homogeneous buffer material to produce nine reflected waves and three transmitted
waves. By the assumption of sliding interfaces between flyer, composite, and buffer, no
shear waves are generated in the flyer or buffer plate. To calculate the particle velocities
produced by the transmitted waves, the interaction [0] will be considered in detail, and then
the other interactions will only be outlined.
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FLYER COMPOSITE BUFFER

Fig. 5. Schematic of the flyer-plate experiment.

Since the flyer plate is moving with a uniform particle velocity ill, the initial flyer-plate
stresses are zero. After impact, the appropriate boundary conditions at the interface x = 0
are given by

a R
= 111(a/ + a 1

2 + ( 1
3

) + 112(a/ + a/ + (2
3
),

0= "l(r/ + r/ + r1
3) + "2(r/ + r/ + r/),

ill + ilR = "l(U/ + u/ + u/) + "2(U/ + u/ + u/), (26)

R

FLYER

Fig. 6. Space-time diagram for the flyer-plate experiment.
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where WI is the stiffness factor associated with the flyer plate-eomposite interface. The last
two conditions have been differentiated with respect to time for convenience. The requisite
initial conditions will be specified when these relations are integrated again. In the flyer
plate, stress and particle velocity are related by

(27)

where fZ l is the mechanical impedance of the flyer, the mass density times the longitudinal
wave velocity.

The dynamic analog of (21 and 22) will now be written for the present problem in terms of
0"1 1,0"/, and 0"/, using (27). Thus, at x =0,

~IOR =~10"/ +~20"/ +~30"13

0= tl10"/ + tl 2 0"/ + tl3 0"1
3 (28)

01 + OR = ~10"/ + ~20"/ + ~30"/

..1(10"/ + ..1(2 iJ/ + ..1(3 iJ/ = WlJV10"/ + %20"1 2 + %30"1 3).

The mode ratios are given by

tl i = ('lI t l i + '12 '2 i)/0"1 i

~i = ('11Ul
i + '12 U/)/0"I

i

%i = (U 1
i - U2

i)/0"I i
•

These constants are determined from the field equations of the composite.
From the first three of equations (28), one finds that

tl3 (;1 + 0"/(S31 tl1 - SlI tl3)
0"/

S21 tl 3 - S31 tl2

where

(29)

(30)

(31)
~.

Sil = ~i - fZ'I'

Recalling that (;1 is a constant, the substitution of (30 and 31) into the last of (28) yields

where 01' bl and CI are given by

OliJ/ + b10"/ = C1 (32)

01 = (S21 tl3 - S31 tl2)..1(1 + (S31 tl1 - SlI tl3)..1(2 + (SlI tl2 - S21 tl1)..1(3

b l = - W1(S21 tl3 - S31 tl2)%1 + (S31 tl1 - SlI tl3)%2 + (SlI tl2 - S2I tl1)%3 (33)

Cl = W1(%2 tl3 - %3 tl2)01.
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By using the integrating factor exp(b l tfa,), one finds the solution to equation (32) to be

1 Cr
0"1 = b; [1 - exp(-b, tfa,)] + O"/(t = O)exp( -hi tfa,), (34)

where O"/(t = 0) is the initial value of 0"/. To evaluate this quantity, the initial condition
Ul = U2 at t = 0 is applied to (26). Therefore, from (15), it follows that 0"1 = 0"2 at t = O.
This also follows by integrating the last of equations (28) to yield the equivalent form of
0"1 = 0"2 at t = 0 in terms of the mode ratios as

Substitution of (30) in (35) gives

1( 0) .(3 1)2 - .(2 1)3 . I
0"1 t = = U .

a l

(35)

(36)

The final results of the interaction can be obtained by substituting (34) into (30). These
results are now written in a uniform notation as

where the 'I i are defined by

and the (j i are defined by

0"1 i = 'Ii + (ji exp(-bl tfal)

'II = cz/bi

1)3 (jI + 'Il(S3l1)1 - Sll1)3)
'12 =

S2,1)3 - S3r1)2

1)2 ill + 'II (S211)1 - Sll1)2)
'13 =

S311)2 - S211)3

(37)

(38)

(39)

The next step in the solution is the analysis of interactions[l, 2 and 3] depicted in Fig. 6.
The boundary conditions for these three interactions are similar in form, and, therefore, all
three cases can be treated together. Since the interaction[O] has been treated in detail, the
following need only be brief. Because the reflected waves denoted by the bold faced symbol
i are traveling to the left, it is easy to see from (29) that

<1&'1 = <l&'i' 1)1 = 1)i' .Hi = .Hi'

t)i = -t)i' %1 = - %i'

(40)
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Suppose that the incident wave is given the label i; e.g. i = 1 for case [1]. Then the boundary
conditions at x = H for cases [1,2 and 3] may be written as

-!ZriJT -~iali =~la/ +~2a/ +~3aI3

-1\ali='!\all+::D2a/+::D3a/ (41)

- iJT + iliali = illal1 + il2 a1
2 + il3 a1 3

J(i&l i + .lt1&1
1 + .It2 &1

2 + .lt3 &1 3 = Wr(-%iali + %la/ + %2 a1
2 + %3a/),

where Wr is warp stiffness associated with the buffer and !Zr is the buffer impedance such
that aT = -!Zr iJT. From the first three of equations (41), one finds that

ali(S3r::Di - S~::D3) + all(S3r::Dl - Slr ::D3)
S2r ::D3 - S3r ::D2

a 1 i(S2r ::D i - S~ ::D2) + a/(S2r ::D1 - SIr ::D2)

S3r ::D2 - S2r ::D3
(42)

and Sjr is defined by replacing I by r in (31). From (42) and the last of equations (41), it
follows that

(43)

(44)

where ar and br are defined by (33), and

dri = -Dilar + 2il i(::D 2 .1t3 - ::D3.1(2)

eri = Wr cos 8[(S3r ::D2 - S2r ::D3)% i + (S3r ::Di - Si~ ::D3)%2 + (Si~ ::D2 - S2r ::D i)%3]

The expression for a1 i to be used at x = L may be obtained directly from (37) by using
the retarded time t - t i instead of t, where t i is the time required for the incident ith wave to

traverse the composite; i.e.

t i = H/Vi , (45)

and Vi is the velocity of the wave. Using (37) and the integrating factor exp(tbr/ar) to inte­
grate equation (43) from t i to t, one finds that, for t > t i ,

1 1 [br ] eri Yi{ [br ] } Di ( dri)al = a1 (t = ti)exp - (t i - t) + - 1 - exp - (t i - t) + - eri - bl - K,
ar br ar ar al

exp[~ (t i - t)] - exp[~ (t i - t)] b
r

b
l

K= (~_~) , if ;.#a;
ar a, (46)

( ) (
bl ti br t) }'f b_r b,.t - t i exp - - - ,
al ar ar al

As was done for equation (34), one now evaluates a1
1(t = t i) by imposing conditions at the

initial time of the interaction t = t i and by using equation (15). Although equation (15)
requires the use of total stresses and displacements, the following argument will show that,

IJSS Vol. II No. I-E
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at the onset of each of the interactions [1, 2 and 3], the individual modes can be used in
(15). At the onset of interaction [3] in Fig. 6; t = t 3 , the total stresses and displacements are
equal to those of interaction [3]. For time t 3 ::;; t::;; t 2 , only the terms relating to interaction
[3] appear in the boundary conditions at x = H, including equation (15), which may be
rewritten as

(15)

At t = t2 , when the second wave arrives, the contributions from interactions [2 and 3] will
now appear in the boundary conditions. However, since up to this time the continuous
quantities from interaction [3] have satisfied (15) and since at t = t2 the sum must satisfy (15),
then it follows that, at t = t 2 , interaction [2] quantities must satisfy (15) independently of
those from interaction [3]. By pursuing the argument farther, one can see that, at t = t1 ,

interaction [1] quantities must satisfy (15) independently of the continuous quantities from
the previous interactions. By these arguments, one finds that (15) will be satisfied by requiring
that, at x = H, t = ti>

(47)

(48)

where in this equation [ ] represents the jump in the quantity. However, at t = t i , the con­
tribution to the displacements from the ith interaction is zero, and, therefore, [u1 - U2]i = o.
Consequently, the left side of (47) is also zero and leads to

. 1 231(.,{(i(11
1

+.,{(1(11 +.,{(2(11 +.,{(3(11) =0.
t=ti

By substituting (42) into (48) and solving for (11
1(t = ti), one finds that

1 dri i
(11 (t = ti) = - (11 (0).

ar

(49)

To complete the solution, equations (46 and 49) are evaluated at x = H for each of the
three interactions. These results are substituted into (42) and the first of (41) to evaluate
iJT for each of the three transmitted longitudinal waves.

DISCUSSION OF RESULTS

In the analysis of composite materials, one is interested in both the static and dynamic
response to applied loads. For the determination of this response, the theoretical analysis of
the previous sections has resulted in a partial determination of the gross static elastic
constants and the wave propagation characteristics. Calculations based on these analyses
will, in the second part of this paper, be compared to experiment; however, for the present,
to illustrate the nature of these results, a few calculations on a laminated composite com­
posed of alternating layers of polymethyl methacrylate (PMMA) and aluminum will be
presented. Specific properties of the composite are given in Table 1.

Table I. Composite properties

Lame constants
Constituent (g!cm-p. sec2)

,\ p.

Aluminum 0'569 0'272
PMMA 0'0412 0·0229

Mass density
(g!cm3

)

p

2-7
1·2

Thickness
(cm)

d

0-0813
0·0762
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The analysis of the static compression test results in equation (25) which represents the
average static longitudinal stiffness of the composite for () = O. This quantity is related to
the average Young's modulus, E, by

F = E(l - v)/[(l + v)(1 - 2v)].

If the specimen in this experiment had been deformed in one-dimensional stress instead of
one-dimensional strain, then equation (25) would be a measure of the average Young's
modulus of the composite.

The behavior predicted by equation (25) for the static compression test is shown in
Fig. 7 for PMMA buffer plates and also for aluminum buffer plates. In this figure, the ordin­
ate is normalized to the stiffness F00 of an infinitely thick specimen, i.e. for L -+ 00

&1{£2 - &2 {£1
F --+ F = --,:-----

00 &13'2 - &23'1

The abscissa is normalized to the unit cell dimension h = d1 + d2 •

Fig. 7. The static compression experiment with PMMA and aluminum buffers.

The difference in these two curves occurs because the W for the aluminum buffers is
approximately ten times that of the PMMA buffers. It is important to note that F00 is equal
to the stiffness of an internally bonded composite. This means that, for sufficiently thick
composites, the stiffness is not affected by the internal bonds; however, thinner specimens
will exhibit significant differences which depend not only on the composite thickness but on
the properties of the buffers. For example the debonded composite will exhibit only 80
per cent of the bonded stiffness when it is 30 unit cells thick (L/h = 15) and compressed
between PMMA buffers.

In accordance with the discussion of Saint Venant's principle given in the Introduction,
one should question the results of the present theory for small values of L/h. One cannot
categorically assign a minimum value to the L/h based on theory, but, in view of Fig. 7
one can state that this minimum value will depend on the value of W. As the stiffness of
the buffer plates increases, W increases and the interface warping becomes less significant,
thus reducing the minimum value of L/h.
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The behavior of the composite to transient loading conditions was examined through the
analysis of the flyer-plate experiment. The analysis predicts the particle velocity-time history
of a stress wave after it has propagated through the composite and into a homogeneous
buffer material. Using again the PMMA-aluminum composite with a thickness H ofO·776 cm
and e= 0, one now computes the response when a thick aluminum flyer-plate strikes the
composite at 0·00142 cm//lsec. The profile of the transmitted wave is plotted in Fig. 8 just
after it has entered the aluminum buffer. Because e= 0, only two waves are generated in the
buffer. Geometric dispersion has also been neglected in these calculations, and consequently
the characteristic spreading of shock fronts which is observed in composite materials is not
present in these calculations.

i::
-~u,
g 0

~ x
>
~

u

.5000

.3333

.1666

0.0
1.000 1.500 2.000 2.500 3.000 3.500

TIME AFTER IMPACT III secl

Fig. 8. The flyer-plate experiment.

The figure shows that each of the transmitted waves is composed of a shock front foIlowed
by an exponential rise or decay. The slower wave has a spike, and one would expect that
this spike would be heavily attenuated if geometric dispersion were included in the calcula­
tions. Also, since as in the static case the calculations are based on the existence of a state of
"quasi-equilibrium," in the time intervals where rapid changes occur the results should be
viewed with some reservations. It seems reasonable to expect that these time intervals be
bounded by some characteristic time associated with the wave speeds of the problem and the
thicknesses of the composite layers.

The theory predicts that during the early part of the experiment, the composite constitu­
ents slide relatIve to each other, but, eventually, they all move at the same velocity. The final
amplitude of the stress wave approaches the amplitude which would exist if the composite
had remained bonded throughout the experiment.

In Part II of this paper, this theory will be compared with experiment to show that the
concept of the warping stiffness provides an accurate and highly useful tool for predicting
the behavior of composite materials.
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A6cTpaKT - DpoBe,n:eHbI B rrocne,n:HbIX ro,n:ax 3KcrrepHMeHTbI O,n:HOOCHO YCHneHHbIX MaTe­
pHanOB rrOKa3blBalOT HeHopManbHoe rrOBe,n:eHHe B xapaKTepHCTHKax pacrrpe,n:eneHHlI BonH
HarrpllJKeHHlI ,n:nll 3THX MaTepHanOB. Kor,n:a 6bI OTKpbITble KOHIJ.bl 060HX KOMIIOHeHTOB
cnOHCTHX MaTepHanOB HH 6bInH rro,n:BepJKeHbl yMepeHHoMy ,n:aBneHHlO HeCKonbKO KHn06apoB,
'1HCnO CTaHIJ.HOHapHbIX pacrrpOCTpaHlIlOIIJ.HXCli BonH, 06pa30BaHHblx BHyTpH cnOHCToro
MaTepHana, rrpeBbIIlJanO Ha O,n:HH '1HCnO BonH, rro,n:C'IHTaHHbIX Ha OCHOBe 06bIKHoBeHHblx
Mo,n:eneH cnOHCTbIX MaTepHanOB. 3TOT 3lj>ljJeKT 3Ha'lHTenbHO yBenH'Ian paccellHHe BonH H
HapaCTaHHe BO BpeMeHH B rrony'leHHoH 3KcrrepHMeHTanbHo BonHe HarrpllJKeHHlI.

KnlO'I K rrpOHCXOJK,n:eHHIO 3Toro He06bIKHOBeHHoro lIBneHHlI COBceM 3neMeHTapHbIH.
JKnOHCTblH MaTepHan pa3be,n:HHlIeTCli BHyTpeHHO. Kor,n:a TeplieT cHny CB1I3b MeJK,n:y yCHneHHeM
H OCHOBHblM BeIIJ.eCTBOM, cnOHCTbIH MaTepHan ,n:OCTHraeT ,n:06aBO'IHOH CTerreHH CB060,n:bI,
KOTopali lIBnlleTCli pe3ynbTaToM ,n:06aBO'IHOH CTaIJ.HOHapHoH pacrrpOCTpaHlIlOIIJ.eHCli BOnHbI.
DOCKonbKY 06b1KHOBeHHble Mo,n:enH cnOHCTbIX MaTepHanOB He ,n:alOT B03MOJKHOCTH ,n:nll 3Toro
ba3be,n:HHeHHlI, OHH He MoryT C'IHTaTbCli 3a B03HHKalOIIJ.YIO B pe3ynbTaTe 6anKy. O,n:HaKO, KaK
YKa3aHO B paHhIlJeH pa60Te, Herrocpe,n:cTBeHHOe rrpHMeHeHHe TeopHH yrrpyrocTH K 3TOH
3a,n:a'le lIBnlleTCli pe3ynhTaToM CKopOCTeH BonH H lj>opMaMH THrrOB BonH ,n:nll Bcex BonH.

PeweHHe rronHoH 3a,n:a'lH, 3aKnlO'Iali orrpe,n:eneHHe pa3Hhlx aMrrnHTy,n: BonH, 6hInO 3apaHee
rrperrllTcTBoBaHo He,n:OCTaTO'lHOH cOBoKyrrHocThlO rpaHH'IHhIX ycnoBHH. 06hl'lHOH MeTo,n:HKOH
lIBnllnOCh 3a,n:aBaTh ycnoBHe HerrpepblBHocTH HarrpllJKeHHH H rrepeMeIIJ.eHHH Ha rpaHHl.\e MeJK,n:y
cnOHCTbIM MaTepHanoM H CMeJKHhIM O,n:HOpO,n:HhIM MaTepHanoM, r,n:e 6hInH Hcrronh30BaHbI
06beMHhle cpe,n:HHe 3Ha'leHHlI ,n:nll cnOHCThIX MaTepHanOB. DOKa 3TH ycnoBHlI He06xo,n:HMhI H
,n:OCTaTO'lHbl ,n:nll 3a,n:a'lH CB1I3aHHhIX cnOHCThIX MaTepHanOB, HO He,n:OCTaTO'lHhI ,n:nll 3a,n:a'lH
pa3be,n:HHeHHblX cnOHCThIX MaTepHanOB. L(06aBO'IHali CTerreHb CB060,n:hI B pa3be,n:HHeHHOH
3aaa'le Hcrronh3yeT He06xo,n:HMOCTh ,n:06aBO'IHOrO rpaHH'IHOrO ycnoBHlI. 3TO ,n:06aBO'IHOe
rpaHH'IHOe ycnoBHe lIBnlleTCli rrpe,n:MeTOM 3TOH pa60ThI.

APPENDIX A

Derivation of the warp stiffness

The derivation of the warp stiffness is effected by considering the force system shown in
Fig. 3. The horizontal displacement due to these forces will be found from the stress field.
To find this stress field. one appeals to the techniques of [7] to superpose the field produced
by a single line load. In the r-8 coordinate system shown in Fig. 3, the stress field due to a
line force at the origin (dashed arrow) is given by

O"*(r 8) = _ 2P. cos 8
rr , ,

n r

where P is the load per unit length. In the x-y coordinate system given in the figure, this
becomest

--.-
n r 4

'

(A.2)

t The tilde will be omitted.
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s'PlANE

Fig. 9. Integration paths in the S-plane.

The total stress field resulting from the applied forces shown in the figure (solid arrows) is
found by the application of the following lemma: Let L1 and L 2 be oriented paths in the
neighborhood of the real axis, as shown in Fig. 9. If f(s) is an analytic function on and
between L 1 and L2 , then

The application of this lemma to the U yy stress will now be shown in detail; the results for
the other stress components follow from this mutatis mutandis. The total stress is given by

2xP OC! •

uyy{x, y) = - 2: e"'"F(x, y - d + 2nd),
rr. n= 00

(A.4)

4d = hlcos B. (A.5)

Therefore, one can identify

f(s) = einSF(x, y - d + 2sd).

The only singularities off(s) are double poles at

d- y ix
s=--+-,

2d 2d

so thatf(s) satisfies the conditions of the lemma. Hence

)
2xPf (y - d + 2sd)2 ds

u (x,y = - .
yy 2ni L , + L2 [x 2 + (y - d + 2sd)f sin ns

(A.6)

(A.7)

(A.8)
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The contribution from L 2 is found by applying residue theory to the closed contour con­
sisting ofL 2 and the semicircle C2 shown in the figure. The contribution from L 1 is found in a
similar manner. The final result is

P 2id sin nS1 - nx cos nS1O'y,(x, y) = -4d2 9le----::-..::...2;;-----~
sm nS1

2ds1 = d - y - ix.

The other stresses are given by

P 2id sin nS1 + nx cos nS1
O'xx(x, y) = - 4d2 9le . 2 •

sm nS1

The x displacement is found from the relation

au 1 + v
exx =;:;- = -- [(1 - v)O'xx - vO'yy].

ux E

By noting that U = 0 at x = 00, a simple integration of (A.l3) leads to

2d E [4d(1 - v) (ns1) iX]-. --u =91e logtan - +-.-- .
P 1 + V n 2 sm nS1

(A.9)

(A10)

(All)

(AI2)

(Al3)

(A.l4)

Thus, at the surface, the average displacement, U, between y = 0 and y = d is given by

1 G 2 J1 n
- -- U = - In tan - (1 - ~) d~.
Pl-v no 4

By computing the integral numerically, one finds that

P G
- = 1'207--.
U I-v

(A.IS)

(A.I6)

The average stress between y = 0 and y = d is S = P/2d. Therefore, the definition of W
leads to

S G cos ()
W=- =2,414--.-.

U 1 - v h

APPENDIX B

(AI7)

The solution to the field equations for a debonded composite have previously been
derived by Drumheller[6] for a sinusoidal time variation. In this reference, the behavior of
two adjacent laminates, k = 1 and 2, within the composite is represented by an appropriate
set of elasticity equations whose solutions are required to satisfy the requisite periodicity
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conditions. The two sets of equations are related by the boundary conditions which require
that U2(k) and (J22(k) be continuous, and (Jt2(k) be zero at the interface between the two
laminates.

To solve the problem, it is assumed that the displacement potentials satisfy equations of
the form

j = 1, 2, (B.l)

where nt = cos (), n2 = sin (), k is the wave number defined by 2n/wavelength, and v is the
phase velocity. This reduces the problem to an algebraic system of equations whose solution
for the eigenvalues and eigenfunctions leads to an eighth-order characteristic determinant.

In the small wave number limit of the solution, the eigenvalues of the characteristic
determinant are determined by the following cubic equation in v2

:

where

and

(Xt = -()(ptfJ-lt)3(dt + ()d2)(dtb2 + d2btfy),

(X2 = (ptfJ-lt)2{n~bt b2()h 2 + n;(dt + ()d2)

[dt«()btb2 + 4b2y - 4y) + d2(b tb2 - 4()jy(1 - bt »]},

(X3 = -4n;J-ltiPt ([n~ h2«()b2(b t - 1) + ybt(b 2 - 1))]

+ n;(dt + ()d2)[dt ybt(b 2 - 1) + d2b2(b t - I)]},

(X4 = 16nt4n22h2y(bz - 1)(<5t - 1),

() = pz/Pt,

Y = J-lz!J-lt,

(B.2)

(B.3)

In general three unique values of the phase velocity, Vm , will be obtained from (B.2);
however, when n2(nt) equals zero, i.e. () = 0° (90°), (X4 = 0«(X4 = (X3 = 0), only two (one)
values of Vm are obtained. For either of these two directions, the shearing stiffness of the
composite is zero and the number of propagation modes correspondingly decreases by one.
In addition when () = 90° a longitudinal distortion cannot produce sliding between the
laminae so that another mode of propagation is lost.

As with all problems of this type, the deformation profiles or eigenvectors can be deter­
mined only to within an arbitrary constant. However, there are certain ratios between the
various stress, displacement, and velocity components which can be determined exactly. On
selecting m(Jll (1) as the denominator of these ratios, one finds that not all such ratios are
useful. For example, the ratio between any of the displacements components and the stress
m(Jll (t) approaches zero as k approaches zero. The nonzero ratios are those which relate the
particle velocities, strains, and stresses to the stress m(Jll (1). These ratios are
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where

and

Al (AI )Ll = --Bz - - + III 2n1Di>
<5 1 <5 1

A =nZ hSZ S1 ,

B = -f3zS3SZS1'

D i = f3zS3n1(<5i - 2)Sz/(<5iy),

13 = Cm
z
pdll1'

Sl = [4n/y(<5 z - 1) ~ <5 z ()f3Z]/(<5 z y),

Sz = [4n/(<51 - 1) - <5113 2 ]/<51

(B.4)

(B.5)

S3 = d1 + ()dz ·

For right-traveling waves, the ratios involving particle velocities can be determined from
(B.4) in combination with

(B.6)

Finally, when displacement ratios are required they are found to be equal to the ratios of
the corresponding strains so that, for example, u1(i)/UZ(i) is equal to the first of (B.4) divided
by the second of (B.4). A similar result holds for time derivatives of the stresses. In this case,
for example,

(B.7)


